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where H is the scale height, CDt and CDP are the drag coef� cients
for the tether and the probes, respectively,d is the tether diameter,
and A1 and A2 are the probe frontalareas.These can be related to the
mass ratio by assuming mass-volume similarity, i.e., A2=A1 D ²

2=3
m .

This relationship indicates that the most in� uential parameters are
H=L2 and ²m . Decreasing these quantities increases the pitch angle
ratio. Generally, the dynamic response is due to the combined in� u-
ence of the drag and the eccentricity.The drag-perturbeddifferential
equations were linearized and solved by the WKBJ method. The
conclusion is that, although the drag alters the dynamics by adding
new even-periodic terms, a small drag causes a bounded motion
with no resonance.

The in� uence of the drag can be observedby plotting the bifurca-
tion of the angles with the eccentricity as the bifurcation parameter
(Fig. 1). These plots are a stroboscopicsampling of the phase plane
at each perigee passage. The initial conditions are zero so that the
plots describe the eccentricityexcitation for a variety of eccentrici-
ties. The atmosphericdrag breaks the pitch symmetry (which can be
inferred from the structure of the differential equations) and alters
the periodic solution. A possible explanation for the ampli� cation
of the drag effect at low eccentricity is its noncommensurability
with the eccentricity excitation. Also, because the perigee altitude
is kept constant,the averagedrag varies as (1¡e) and,consequently,
a circular orbit has the highest drag effect. A penetration down to
altitudes less than Hp D 130 km without any tether control system
appearsfeasible for a single-probetethered system,whereas the sta-
bility of the lowest probe in a dual-probe system is more marginal.
Figure 2 shows the roles of ²m and ²L within the attitude dynamics
of the system with and without drag. Increasing ²L increases the
amplitudes of the pitch motion, whereas ²m plays the opposite role
in the perturbed and unperturbed dynamics.

IV. Concluding Remarks
The dual-probe con� guration examined in this Note seems

suitable for reaching altitudes as low as 130 km in the Earth’s
atmosphere. A single-probe tether system is preferable for reach-
ing even lower altitudes. The dynamic behavior of the dual-probe
system is characterizedby a typical amplitude ratio of 4:1 between
the pitch angles of the lower and upper probes. This ratio becomes
larger at low altitudes when the upper tether performs small libra-
tions and the lower probe oscillates more strongly. The eccentricity
excitation results in bounded oscillations for small eccentricities.A
small length ratio is preferable, especially at low altitudes, because
the drag acting on the lower tether induces large pitch oscillations
on the lowest probe. The analytical results are comparable with nu-
merical simulationsof the equationsof motion. The release of some
simplifying assumptions by including, for example, tether � exibil-
ity and elasticity, has small effects for small librations and tethers
of suitable stiffness.2
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Nomenclature
A = tether cross-sectionarea
E = tether material Young’s modulus
f = orbit true anomaly
L = tether length
M = satellite mass
m = ballast mass
r = satellite orbit radius vector
T = tether tension
®1; ®2; ®3 = satellite roll, pitch, and yaw angles
±1; ±2 = roll and pitch control angles
µ1; µ2 = tether roll and pitch angles
¹ = gravitational constant
½ = offset of attachment point with respect to

satellite center of mass
½m = tether material density
Ä = orbital angular velocity
! = satellite angular velocity

I. Introduction

T HE restoring torque of a gravity gradient-stabilized satellite
can be enhanced signi� cantly by adding a tether.1 A possible

way to stabilizean Earth-pointingsatellite is by attaching the tether,
with a ballast at its opposite end, to the leeward side of the satellite.
A further improvement can be obtained by moving the attachment
point over a two-dimensional surface.2 This modi� cation changes
the stabilization method from passive to active. This concept may
be very attractivefor satelliteswith moderate-to-highpointingaccu-
racy requirements that could be achieved by means of a low-energy
controller.

This work presents a preliminary investigation of the stability
characteristics of a tethered satellite attitude with respect to the
local vertical. Other relevant topics analyzed are the in� uence of
orbital eccentricity and tether oscillations on the satellite dynamics
and identi� cation of possible resonances.Parameters that affect the
attitude control are the tether length, the offset between the satellite
center of mass and the attachment point, and the ballast mass. The
con� gurationunder investigationconsists of a satellite, a tether, and
a ballast mass at the opposite end of the tether. The position of the
movable tether attachment point is controlled by the stabilization
control logic. To separate the tether dynamics from the satellite
dynamics, we assume realistically that ½ ¿ L (typically ½ < 1m
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and L > 100m). Note that, althoughthe attitudedynamicsof a small
satellitedoes not affect signi� cantly the librationdynamicsof a long
tether, the opposite is not true. Also, we adopt small ballast masses,
typically 1% of the satellite mass, to prove that a light stabilization
system is suf� cient. The satellite follows an unperturbed Kepler-
ian orbit so that only the tether librations are excited. The satellite
principalbody frame is rotatedfrom theLV–LH (local vertical– local
horizontal) orbital frame by the sequence ®3 ! ®2 ! ®1 or yaw–

pitch–roll, respectively.The offset control vector ½ can rotateby the
pitch .±2/ and the roll angle .±1/ with respect to the principal body
frame. The tether reference frame is identi� ed by the pitch rotation
.µ2/ and roll rotation .µ1/ with respect to the LV–LH frame.

The general form of the satellite equations of motion is

I ¢ d

dt
! C ! £ I ¢ ! D 3

¹

r3
Or £ I ¢ Or C ½ £ T (1)

where the right-handtermsrepresentthegravitygradientand tension
control. After de� ning K j as the inertia ratios

K1 D
I2 ¡ I3
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; K2 D
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I2
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(2)

and ¸ j D . Nm L½=I j / as the stiffness control parameter, linearizing
the equations of motion, and expressing the equations in terms of
the true anomaly f , the linearized equations for small eccentricity
orbits become
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Note that a circularorbit .e D 0/ would be preferablefor an Earth-
pointing satellite because the eccentricity excites tether librations
that in turn affect the satellite attitude dynamics. Inspection of Eq.
(3) shows that ¸ j plays the role of an additional attitude restor-
ing torque, i.e., increased stiffness, and a multiplier of the control
torque. Considering that ¸ j is much greater than 1 (typically in the
hundreds), the natural modes and the stability of a tethered stabi-
lized satellite are quite different from that of a nontethered(or free)
satellite. The following analysis clari� es this issue.

II. Stability Analysis
Linearization of the motion equations decouples the pitch from

the roll–yaw dynamics. This is true even for large-pitchoscillations
and small roll–yaw oscillations. However, the roll–yaw response
may resonate with the nonlinear pitch.3 The eccentricityexcites the
satellite attitude through two mechanisms: a direct effect as a result
of orbit ellipticityand an indirect effect becauseof tether excitation.
The tether pitch libration (in the orbital plane) forced by the orbital
eccentricity is described by the following equation4:

µ2 D e sin f ¡ 1=
p

3 sin
p

3 f (4)

Substituting into the pitch equation and changing variables,5 ®2 D
¯=.1 C e cos f /, results in the following nonhomogeneous equa-
tion:

¯ 00 C
e cos f C 3 K2 C 1 C 1

3
e cos f ¸2

1 C e cos f
¯

D ¡2e sin f C ¸2e .3 C e cos f / sin f ¡ 1
p

3
sin f (5)

Unlike for a free satellite, there are no periodic solutions of Eq. (5).
This is because of the noncommensurabilityof the tether libration
frequencies.

First, possible resonances are identi� ed. The expansion of the
differential equation in terms of small eccentricity

¯ 00 C G2
0 C eG2

1 C e2G2
2 C H:O:T: ¯ D eF0 C e2 F1 (6)

where G2
0 D 3.K2 C ¸2/, and the following are more involved func-

tions in the form G j D G j .K2; ¸2I f / F j D F j .K2; ¸2I f /. Expand-
ing ¯ as

¯ D ¯0 C e¯1 C e2¯2 C H:O:T: (7)

results in the following set of equations:
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The particular solutions of these equations indicate resonant condi-
tions for the order e and e2, as follows:
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Unlike a free satellite, realistic con� gurations of tethered satellites
are outside the resonantregion.Higher-orderresonancescorrespond
to highervaluesof¸2 buthavenegligiblemagnitudesof order O.ek/.

In the following, the eccentricity-excitedsolution for a con� gu-
rationwith a large¸ is derived.The approximateequationof motion
for e ¿ 1 and ¸2 À 1 is

¯ 00 C 3 K2 C 1 ¡ 2
3
e cos f ¸2 ¯

¼ 3¸2 e sin f ¡ 1=
p

3 sin
p

3 f (10)

This differentialequationis solved by applyingthe WKBJ method.4

Because it can be shown that the error as a result of the approxima-
tions is of order O[e=.K2 C¸2/2], the results obtained for a tethered
satellitearemore accurate than the resultsobtainedfrom Eq. (10) for
a free satellite because ¸2 À K2. The resulting particular solution
is
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Note that the amplitude related to the natural frequency
f
p

[3.K2 C ¸2/]g is of order O[.1=¸
3=2
2 /] relative to the amplitude

related to the forcing frequencies.1;
p

3/. Consequently,for a large
value of ¸2 ,
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that is, for largevaluesof the stiffnesscontrolparameter,the satellite
and the tether oscillate as a single rigid body.

The decoupling of the pitch and the roll–yaw dynamics enable
us to investigate the three-axis stability of the tethered satellite in a
way that is analogous to the classic gravity gradient stabilization6

analysis of (nontethered) satellites. The three-axis dynamics in a
circular orbit is expressed by the following equations:

R®2 C 3Ä2.K2 C ¸2/®2 D 0
(13)
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C K

®1

®3
D 0
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Fig. 1 Three-axis stability diagram.

where G is a gyric matrix

G D Ä
0 ¡.1 ¡ K1/

.1 ¡ K3/ 0
(14)

and K is a stiffness matrix

K D Ä2 4 K1 C 3
4
¸1 0

0 K3

(15)

The conditionfor pitch stability is K2 C ¸2 > 0, which corresponds,
in the K1 ¡ K3 plane, to K3 < [1=.1 C ¸1/].K1 C ¸1/. The main
point of this result is that for a tethered satellite I1 does not neces-
sarily need to be greater than I3 , as in the case of a free satellite. It
is shown in Fig. 1 that most of the K1 ¡ K3 region is permitted for
pitch stability.The only exception is a triangulararea, mostly where
I3 > I2 > I1, that narrows as ¸1 increases.

The roll–yaw stability is determined by the gyric and stiffness
matrices. Because the system under analysis is a conservativegyric
system, a suf� cient conditionfor stability is K > 0, i.e., static stabil-
ity. This condition implies K3 > 0 and K1 > ¡ 3

4
¸1. When ¸1 ¸ 4

3
,

the system is stable in the entire upper half of the K1 ¡ K3 plane.
The characteristicpolynomial for the roll–yaw stability is

s4 C s2.tr K C detG/ C det K D 0 (16)

The system is marginally stable if det K > 0 and .tr K C det G/2

> 4 detK. The former condition gives two possibilities: 1) K3 > 0
and K1 > ¡ 3

4
¸1 , i.e., static stability for K positive de� nite; and 2)

K3 < 0 and K1 < ¡ 3
4
¸1 , i.e., gyric stability for K negative de� nite.

The latter condition can be expressed a s .1 C 3K1 C K1 K3 C 3¸1/2

¡ 16K3.K1 C 3
4 ¸1/ > 0. The role of the stiffness and gyric contri-

butions is simple. The tether tension dominates one of the stiffness
matrix eigenvalues but does not in� uence the gyric matrix. There-
fore, large values of the tether tension strengthen the negative de� -
nite nature of K for I1 > I2 . The gyric stabilization is insuf� cient to
overcomethe static destabilization.The three-axisstability is shown
by the shaded area in Fig. 1.

Nextwe considerthe in� uenceof the tether� exiblemodes,whose
frequencies are typically in tens up to hundreds of cycles per orbit.
The purpose of the following analysis is to identify possible reso-
nances. Assuming small amplitude librations in a circular orbit, we
� rst investigate the pitch response of the satellite. After modeling
the oscillating tension as

¸2 D ¸0
2.1 C ² cos ! f / (17)

substituting into the pitch equation and changing the independent
variable as ¿ D ! f , the pitch response is described by a 2¼ -period
Hill’s equation
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2
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A parametric resonance for ² ! 0 occurs for the following condi-
tion:

¸0
2 C K2 D .!2=12/k2; k D 1; 2; : : : (19)

Because the tongues of unstable motion (see Fig. 2) in the
² ¡ ¸0 diagram become narrower as ²k , only k D 1; 2 are con-
sidered here. The lowest longitudinal frequency7 (per orbit) is
!L1 ¼ .1=Ä/

p
.E A=mL/. The lowest transverse frequency7 is

!T1 ¼ ¼
p

.3m=½m AL/. The next transverse frequency is !T2 D
2!T1 . Substituting ¸0 and eliminating L gives the resonant length
due to either longitudinal or transverse tether oscillations, respec-
tively,
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2
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A similar argument leads to the conditions for parametric reso-
nance in the roll response

¸0
1 C 4

3
K1 D .!2=12/k2; k D 1; 2; : : : (21)

Fig. 2 Parametric resonance in pitch–roll.
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Because of the three-axis stability requirement, I2 must be greater
than I1, which is equivalent to ¸0

1 > ¸0
2 . Consequently, the resonant

lengths for the roll motion are shorter than the resonant lengths for
the pitch motion. The results, shown in Fig. 2, are summarized in
the following inequalities:

L <
¼

2

I1

½m A½
;

¼

2

I2

½m A½
< L < ¼

I1

½m A½

¼
I2

½m A½
< L <

1
Ä

E AI1

12m2½

(22)

Referring to Fig. 2, tether lengths L < 250m and L > 1km are safe
because they are clear of unmodeled frequencies. Another inter-
esting point is that the pitch and the roll stiffness are equal when
4K1 C 3¸1 D 3K2 C 3¸2 . In case of large stiffness control parame-
ters, this equality implies¸1 D ¸2 or I1 D I2 . This conditionmust be
avoided to prevent a possiblenonlinear resonance in pitch–roll. The
general condition k.4K1 C 3¸1/ D l.3K2 C 3¸2/, for integers k and
l , may also lead to natural resonances. A tethered gravity-gradient
satellite is free of this problem because the frequencies

p
3 and 2

are well separated and are noncommensurate.

III. Concluding Remarks
The passive attitude stabilization by means of a tether ap-

pears promising for Earth-pointingsatellites with moderate-to-high
pointing accuracies.The preliminary investigationpresented in this
Note points out the following main results.

The control/restoring torque is strong enough for the pitch–roll
responses. A linear controller cannot provide a direct yaw control
torque. The yaw control may be designed by using the linear or the
nonlinear coupling or by installing a reaction wheel if a better yaw
responseis required.The pitch is very stable,evenfor con� gurations
with I3 > I2 > I1 , as opposed to a nontetheredgravity-gradientsta-
bilized satellite. The three-axis stability region covers most of the
plane I2 > I1. The DeBra–Delp gyric stability disappears. More-
over, there is a tradeoff to be made betweenstability and disturbance
rejection when the tether length is selected. Although a long tether
provides large restoring torque, a short tether is better for � ltering
out high frequencies.A long tether makes the system very stiff and
sensitive to external disturbances. The pointing accuracy may be
better for a longer tether in an unperturbed circular orbit, but un-
avoidable environmental perturbations acting on the tether will be
transmitted to the satellite and affect its pointing accuracy. Typi-
cal satellite-tethercon� gurations are outside the orbital eccentricity
resonance region. However, parametric resonances as a result of
interaction between the satellite and the tether � exible modes may
occur for some con� gurations and must be examined carefully for
each design.
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I. Introduction

O PTIMIZATION of atmospheric � ight trajectories has been of
great interest for many decades. Time-optimal trajectories in

the horizontal plane have been investigated either with soft con-
trol constraints,1;2 via a quadratic penalty in the cost, or with hard
constraints,3¡5 i.e., with strictlyboundedcontrol functions.The pre-
vailing optimization method has been the minimum principle.

This work considers the planar time-optimal trajectory problem
with hard control constraints and under the assumption of constant
aircraft velocity, which simpli� es the problem considerably.4 The
case with no wind is investigated thoroughly in Ref. 3, where it
is shown that the optimal trajectories are composed of bang, i.e.,
maximum turn rate, and singular, i.e., level � ights with zero turn
rate, segments with a maximum number of four turns. Shapira and
Ben-Asher5 proposed the problem of introducing winds into the
formulation.Unfortunately,closed-form expressionshave not been
obtained in the presence of winds, even for the restricted bang–

singular–bang trajectories5 (a simple case recommended in Ref. 3
for practical applications).

The main objective of the present research is to develop an op-
timization technique to obtain planar time-optimal trajectories in
the presence of winds. As opposed to all previous publications on
this topic, the approach taken is not based on the minimum prin-
ciple. Instead, it employs a parameterization technique, originally
developed for a class of bilinear systems,6 which � ts nicely to the
problem of interest. The technique transforms the problem into a
� nite dimensional optimization problem.

The problem is formulated in Sec. II. Section III analyzes the
problem and makes the mentioned transformation to the � nite di-
mensional space.Finally, representativenumerical results that man-
ifest the nature of the solution are given in Sec. IV, and the conclu-
sions are drawn in Sec. V.

II. Problem Formulation
Assuming constant velocity (more precisely, constant true air

speed) and constant altitude, the aircraft equations of motion in
the horizontal plane can be written as

Px.t/ D V cos[¾ .t/] C Wx .t/
(1)

Py.t/ D V sin[¾.t/] C Wy.t/; P¾.t/ D u.t/

where x.t/ and y.t/ are displacements with respect to the ground,
V is the true air speed, and Wx .t/ and Wy .t/ are components of the
wind velocity. No position dependence, i.e., homogeneous wind
� eld, is assumed; ¾.t/ is the heading angle of the aircraft; and
u.t/ is the control variable. We assume that u.t/ is constrained by
u.t/ 2 [¡b; b].

The optimizationproblemis to � nd thecontroltime history,which
drives the system (1) from a given initial condition fx.0/ D x0,
y.0/ D y0, ¾ .0/ D 0g to a required target point fx.T / D xT , y.T / D
yT , ¾ .T / D ¾T ¸ 0g while minimizing the transition time T .
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