1268 J. GUIDANCE, VOL. 20, NO. 6: ENGINEERING NOTES

(Cp, [ Cp, ) @HJAN[1 = (H/Ly) + (H/Lye "2/ ] + &}

X

e

(Cb, /Cp,)(dH/A)) + e 12/ +
(14)

where H is the scale height, Cp, and Cp, are the drag coefficients
for the tether and the probes, respectively,d is the tether diameter,
and A; and A, are the probe frontal areas. These can be related to the
mass ratio by assuming mass-volume similarity,i.e., Ay /A = 63,/ 3,
This relationship indicates that the most influential parameters are
H/L, and ¢,,. Decreasing these quantities increases the pitch angle
ratio. Generally, the dynamic responseis due to the combined influ-
ence of the drag and the eccentricity. The drag-perturbeddifferential
equations were linearized and solved by the WKBJ method. The
conclusionis that, although the drag alters the dynamics by adding
new even-periodic terms, a small drag causes a bounded motion
with no resonance.

The influence of the drag can be observed by plotting the bifurca-
tion of the angles with the eccentricity as the bifurcation parameter
(Fig. 1). These plots are a stroboscopic sampling of the phase plane
at each perigee passage. The initial conditions are zero so that the
plots describe the eccentricity excitation for a variety of eccentrici-
ties. The atmosphericdrag breaks the pitch symmetry (which can be
inferred from the structure of the differential equations) and alters
the periodic solution. A possible explanation for the amplification
of the drag effect at low eccentricity is its noncommensurability
with the eccentricity excitation. Also, because the perigee altitude
is keptconstant,the average drag variesas (1 —e) and, consequently,
a circular orbit has the highest drag effect. A penetration down to
altitudes less than H, = 130 km without any tether control system
appearsfeasible for a single-probetethered system, whereas the sta-
bility of the lowest probe in a dual-probe system is more marginal.
Figure 2 shows the roles of €,, and €, within the attitude dynamics
of the system with and without drag. Increasing €, increases the
amplitudes of the pitch motion, whereas €,, plays the opposite role
in the perturbed and unperturbed dynamics.

IV. Concluding Remarks

The dual-probe configuration examined in this Note seems
suitable for reaching altitudes as low as 130 km in the Earth’s
atmosphere. A single-probe tether system is preferable for reach-
ing even lower altitudes. The dynamic behavior of the dual-probe
system is characterized by a typical amplitude ratio of 4:1 between
the pitch angles of the lower and upper probes. This ratio becomes
larger at low altitudes when the upper tether performs small libra-
tions and the lower probe oscillates more strongly. The eccentricity
excitationresults in bounded oscillations for small eccentricities. A
small length ratio is preferable, especially at low altitudes, because
the drag acting on the lower tether induces large pitch oscillations
on the lowest probe. The analytical results are comparable with nu-
merical simulations of the equations of motion. The release of some
simplifying assumptions by including, for example, tether flexibil-
ity and elasticity, has small effects for small librations and tethers
of suitable stiffness 2
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Dynamical Characteristics
of a Tethered
Stabilized Satellite
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Nomenclature
A = tether cross-section area
E = tether material Young’s modulus
f = orbit true anomaly
L = tether length
M = satellite mass
m = ballast mass
r = satellite orbit radius vector
T = tether tension
oy, o, a3 = satellite roll, pitch, and yaw angles
81,682 = roll and pitch control angles
61,6, = tether roll and pitch angles
" = gravitational constant
0 = offset of attachment point with respect to
satellite center of mass
Pom = tether material density
Q = orbital angular velocity
w = satellite angular velocity

I. Introduction

HE restoring torque of a gravity gradient-stabilized satellite

can be enhanced significantly by adding a tether.! A possible
way to stabilize an Earth-pointingsatelliteis by attaching the tether,
with a ballast at its opposite end, to the leeward side of the satellite.
A further improvement can be obtained by moving the attachment
point over a two-dimensional surface? This modification changes
the stabilization method from passive to active. This concept may
be very attractive for satellites with moderate-to-highpointingaccu-
racy requirements that could be achieved by means of a low-energy
controller.

This work presents a preliminary investigation of the stability
characteristics of a tethered satellite attitude with respect to the
local vertical. Other relevant topics analyzed are the influence of
orbital eccentricity and tether oscillations on the satellite dynamics
and identification of possible resonances. Parameters that affect the
attitude control are the tether length, the offset between the satellite
center of mass and the attachment point, and the ballast mass. The
configuration under investigationconsists of a satellite, a tether, and
a ballast mass at the opposite end of the tether. The position of the
movable tether attachment point is controlled by the stabilization
control logic. To separate the tether dynamics from the satellite
dynamics, we assume realistically that p < L (typically p < 1lm
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and L > 100m). Note that, althoughthe attitudedynamics of a small
satellitedoes not affect significantly the librationdynamics of a long
tether, the opposite is not true. Also, we adopt small ballast masses,
typically 1% of the satellite mass, to prove that a light stabilization
system is sufficient. The satellite follows an unperturbed Kepler-
ian orbit so that only the tether librations are excited. The satellite
principalbody frame is rotated from the LV-LH (local vertical-local
horizontal) orbital frame by the sequence a3 — o — @ or yaw—
pitch-roll, respectively. The offset control vector p can rotate by the
pitch (82) and the roll angle (§,) with respect to the principal body
frame. The tether reference frame is identified by the pitch rotation
(62) and roll rotation (6;) with respect to the LV-LH frame.
The general form of the satellite equations of motion is

d [ -
I —w+wxl - w=3=rxI-r+pxT (1)
dt r
where theright-handtermsrepresentthe gravity gradientand tension
control. After defining K ; as the inertia ratios

I, — I
K1=_2 3, K, =
I

I -1 L, -1
1 3, K3= 2 1 (2)
12 13

and A; = (mLp/I;) as the stiffness control parameter, linearizing
the equations of motion, and expressing the equations in terms of
the true anomaly f, the linearized equations for small eccentricity
orbits become

(14 ecos fla) —2esin fa; — (1 — K)(1 4+ ecos f)a;
+[(@d+ecos /K, + (3+ecos i o
= M @B +ecos f)O —8)

(14 ecos f)a) —2esin fo) + 3[K2 + (1 + %e cos f)kz]az
= —2esin f + A (3+ecos [)(0, — &)

(14 ecos f)ay —2esin foy + (1 — K3)(1 + ecos f)a)
+ K3(1 +ecos fla; =0 3)

Note thata circularorbit (e = 0) would be preferable for an Earth-
pointing satellite because the eccentricity excites tether librations
that in turn affect the satellite attitude dynamics. Inspection of Eq.
(3) shows that A ; plays the role of an additional attitude restor-
ing torque, i.e., increased stiffness, and a multiplier of the control
torque. Considering that A ; is much greater than 1 (typically in the
hundreds), the natural modes and the stability of a tethered stabi-
lized satellite are quite different from that of a nontethered (or free)
satellite. The following analysis clarifies this issue.

II. Stability Analysis

Linearization of the motion equations decouples the pitch from
the roll-yaw dynamics. This is true even for large-pitch oscillations
and small roll-yaw oscillations. However, the roll-yaw response
may resonate with the nonlinear pitch.? The eccentricity excites the
satellite attitude through two mechanisms: a direct effect as a result
of orbitellipticity and an indirect effect because of tetherexcitation.
The tether pitch libration (in the orbital plane) forced by the orbital
eccentricity is described by the following equation*:

92=e[sinf—(1/«/§) sin«/gf] 4)

Substituting into the pitch equation and changing variables,’ a, =
B/(1 4+ ecos f), results in the following nonhomogeneous equa-
tion:

ecos f +3[K2 + (1 + %ecosf))»z]
1+ecosf

"

= —Zesinf+Aze(3+ecosf)<sinf—%sinf) (5

Unlike for a free satellite, there are no periodic solutions of Eq. (5).
This is because of the noncommensurability of the tether libration
frequencies.

First, possible resonances are identified. The expansion of the
differential equation in terms of small eccentricity

B’ + (Gy+¢G} +¢*G3 + HO.T.)p =eFy + € F, (6)

where G% =3(K; + A,), and the following are more involved func-
tionsinthe form G; = G, (K,, A; f) F; = F; (K>, A»; f). Expand-
ing B as

B =By +ep + e, +HO.T. @)
results in the following set of equations:

e’ By + Gypo =0, e': Bl + Gy = Fo — Gipo

(8)
¢’ By + Gopy = Fi — Gip1 — G

The particular solutions of these equations indicate resonant condi-
tions for the order e and €2, as follows:

O(e): Ky + 2, = {4, 1}

(/314

9)
0@): K| +xr, =

SR CERa!

Unlike a free satellite, realistic configurations of tethered satellites

are outside theresonantregion. Higher-orderresonancescorrespond

tohighervaluesof A, buthavenegligiblemagnitudesof order O (e*).
In the following, the eccentricity-excitedsolution for a configu-

ration with a large A is derived. The approximate equation of motion

fore < land A, > 1lis

8"+ 3[K2 + (1 — %ecosf)kz]ﬁ
— (1/¥/3) sinV3£] (10)

This differential equationis solved by applying the WKBJ method
Because it can be shown that the error as a result of the approxima-
tions is of order O[e/(K, + A,)?], the results obtained for a tethered
satellite are more accurate than the results obtained from Eq. (10) for
a free satellite because A, > K,. The resulting particular solution
is

~ 3, e[sinf

Ay

p=e W[f

1 Kotro—%
V3K, + ) \ Ko+ 30 — 1

K
x siny/3(Ky + Ay) f — L L «/_f} (11)

Note that the amplitude related to the natural frequency
{V/[3(K5 + Ay)]} is of order 0[(1/A )] relative to the amplitude
related to the forcing frequencies (1, J 3). Consequently, for a large
value of A,,

V3 Ky —1

1/\/_) sm«/_f (12)

thatis, for large values of the stiffness control parameter, the satellite
and the tether oscillate as a single rigid body.

The decoupling of the pitch and the roll-yaw dynamics enable
us to investigate the three-axis stability of the tethered satellite in a
way that is analogous to the classic gravity gradient stabilization®
analysis of (nontethered) satellites. The three-axis dynamics in a
circular orbit is expressed by the following equations:

By X e Slnf

G + 3Q%(K, + A)a, =0

(2)roC) == (2)~

(13)



1270 J. GUIDANCE, VOL. 20, NO. 6: ENGINEERING NOTES

Ks
05t

-1 -0.5

K,
0.5¢

-1 -0.5 0 0.5 1

Ar=10
Fig. 1 Three-axis stability diagram.

where G is a gyric matrix

0 —(1—-K))
G=Q 14
[(1 ~K) 0 } (9
and K is a stiffness matrix
3
Ke o 4(K, +3x) 0 (1s)
0 K;

The conditionfor pitch stabilityis K, + A, > 0, which corresponds,
in the K| — K3 plane, to K3 < [1/(1 + A1)](K; + A;). The main
point of this result is that for a tethered satellite /; does not neces-
sarily need to be greater than I3, as in the case of a free satellite. It
is shown in Fig. 1 that most of the K| — K; region is permitted for
pitch stability. The only exceptionis a triangular area, mostly where
I; > I, > I, that narrows as A increases.

The roll-yaw stability is determined by the gyric and stiffness
matrices. Because the system under analysis is a conservative gyric
system, a sufficient condition for stability is K > 0, i.e., static stabil-
ity. This conditionimplies K; > 0 and K| > — %Al. When A; > é,

the system is stable in the entire upper half of the K| — K3 plane.
The characteristic polynomial for the roll-yaw stability is

s*+ 5% (trK + detG) + detK =0 (16)

The system is marginally stable if det K >0 and (trK + det G)?
> 4detK. The former condition gives two possibilities: 1) K3 > 0
and K| > — %Al, i.e., static stability for K positive definite; and 2)
K;<Oand K| < — %Al, i.e., gyric stability for K negative definite.
The latter condition can be expressedas (1 + 3K, + K, K3 +31,)2
— 16K3(K, + %Al) > 0. The role of the stiffness and gyric contri-
butions is simple. The tether tension dominates one of the stiffness
matrix eigenvalues but does not influence the gyric matrix. There-
fore, large values of the tether tension strengthen the negative defi-
nite nature of K for I; > I,. The gyric stabilization s insufficient to
overcomethe static destabilization.The three-axisstability is shown
by the shaded area in Fig. 1.

Next we considerthe influence of the tether flexible modes, whose
frequencies are typically in tens up to hundreds of cycles per orbit.
The purpose of the following analysis is to identify possible reso-
nances. Assuming small amplitude librations in a circular orbit, we
first investigate the pitch response of the satellite. After modeling
the oscillating tension as

A2=Ag(l+ecoswf) 17)
substituting into the pitch equation and changing the independent

variable as T = wf, the pitch response is described by a 27 -period
Hill’s equation

d’a 319 K
dr; +w—;<1+75+ecosr>a2=0 (18)

A parametric resonance for € — 0 occurs for the following condi-
tion:

A+ Ky = (0*/12)k2, k=1,2,... (19)
Because the tongues of unstable motion (see Fig. 2) in the
€ — A% diagram become narrower as €*, only k=1, 2 are con-
sidered here. The lowest longitudinal frequency’ (per orbit) is
wp, ~(1/Q)/(EA/mL). The lowest transverse frequency is
wr, ®m/(3m/p,AL). The next transverse frequency is wr, =
2wy, . Substituting A° and eliminating L gives the resonant length
due to either longitudinal or transverse tether oscillations, respec-
tively,

1 [EAL

R —

QY 12m2p

I
PmAp

~

b4
2

(20)

A similar argument leads to the conditions for parametric reso-
nance in the roll response

A+ 2K, = (?/12)K2, k=1,2,... (1)
Example : E=6.2><101°';—Vz., pm=1.41-4><103k—g31 d=1mm
- m

I, = 150 kg—m?, I = 200 kg—m?, m = 10kg, p=1m
P= Pitch

R AR
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Fig.2 Parametric resonance in pitch-roll.
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Because of the three-axis stability requirement, /, must be greater
than 1;, which is equivalentto 1 > A3. Consequently, the resonant
lengths for the roll motion are shorter than the resonant lengths for
the pitch motion. The results, shown in Fig. 2, are summarized in
the following inequalities:

g Il g 12 Il
L < — s <
2¥ pnAp 2¥ pnAp PmAp

I 1 [ EAI
T <L < —, |——vA
PmAp QY 12m?p

Referring to Fig. 2, tether lengths L < 250m and L > 1km are safe
because they are clear of unmodeled frequencies. Another inter-
esting point is that the pitch and the roll stiffness are equal when
4K, + 31 =3K;, + 3A,. Incase of large stiffness control parame-
ters, this equality implies A, = X, or I} = I,. This conditionmustbe
avoided to preventa possible nonlinearresonance in pitch-roll. The
general conditionk (4K 4+ 3X1,) =[(3K, + 34,), for integers k and
[, may also lead to natural resonances. A tethered gravity-gradient
satellite is free of this problem because the frequencies /3 and 2
are well separated and are noncommensurate.

(22)

III. Concluding Remarks

The passive attitude stabilization by means of a tether ap-
pears promising for Earth-pointing satellites with moderate-to-high
pointing accuracies. The preliminary investigation presentedin this
Note points out the following main results.

The control/restoring torque is strong enough for the pitch-roll
responses. A linear controller cannot provide a direct yaw control
torque. The yaw control may be designed by using the linear or the
nonlinear coupling or by installing a reaction wheel if a better yaw
responseis required. The pitchis very stable,even for configurations
with I; > I, > I, as opposedto a nontethered gravity-gradientsta-
bilized satellite. The three-axis stability region covers most of the
plane I, > I,. The DeBra-Delp gyric stability disappears. More-
over, thereis a tradeoffto be made between stability and disturbance
rejection when the tether length is selected. Although a long tether
provides large restoring torque, a short tether is better for filtering
out high frequencies. A long tether makes the system very stiff and
sensitive to external disturbances. The pointing accuracy may be
better for a longer tether in an unperturbed circular orbit, but un-
avoidable environmental perturbations acting on the tether will be
transmitted to the satellite and affect its pointing accuracy. Typi-
cal satellite-tetherconfigurations are outside the orbital eccentricity
resonance region. However, parametric resonances as a result of
interaction between the satellite and the tether flexible modes may
occur for some configurations and must be examined carefully for
each design.
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I. Introduction

PTIMIZATION of atmospheric flight trajectories has been of

great interest for many decades. Time-optimal trajectories in
the horizontal plane have been investigated either with soft con-
trol constraints,"? via a quadratic penalty in the cost, or with hard
constraints? 7 i.e., with strictly bounded control functions. The pre-
vailing optimization method has been the minimum principle.

This work considers the planar time-optimal trajectory problem
with hard control constraints and under the assumption of constant
aircraft velocity, which simplifies the problem considerably The
case with no wind is investigated thoroughly in Ref. 3, where it
is shown that the optimal trajectories are composed of bang, i.e.,
maximum turn rate, and singular, i.e., level flights with zero turn
rate, segments with a maximum number of four turns. Shapira and
Ben-Asher’ proposed the problem of introducing winds into the
formulation. Unfortunately, closed-form expressions have not been
obtained in the presence of winds, even for the restricted bang-
singular-bang trajectories’ (a simple case recommended in Ref. 3
for practical applications).

The main objective of the present research is to develop an op-
timization technique to obtain planar time-optimal trajectories in
the presence of winds. As opposed to all previous publications on
this topic, the approach taken is not based on the minimum prin-
ciple. Instead, it employs a parameterization technique, originally
developed for a class of bilinear systems,® which fits nicely to the
problem of interest. The technique transforms the problem into a
finite dimensional optimization problem.

The problem is formulated in Sec. II. Section III analyzes the
problem and makes the mentioned transformation to the finite di-
mensional space. Finally, representativenumerical results that man-
ifest the nature of the solution are given in Sec. IV, and the conclu-
sions are drawn in Sec. V.

II. Problem Formulation

Assuming constant velocity (more precisely, constant true air
speed) and constant altitude, the aircraft equations of motion in
the horizontal plane can be written as

x(t) =V coslo ()] + Wi (1)

o(t) = u(t)

o))
y(@) = Vsin[o ()] + W, (1),

where x(¢) and y(¢) are displacements with respect to the ground,
V is the true air speed, and W, (t) and W, (¢) are components of the
wind velocity. No position dependence, i.e., homogeneous wind
field, is assumed; o (¢) is the heading angle of the aircraft; and
u(t) is the control variable. We assume that u(¢) is constrained by
u(t) € [—b,b].

The optimizationproblemis to find the control time history, which
drives the system (1) from a given initial condition {x(0) = x,,
¥(0) =¥y, 0 (0) =0} to a required target point {x (7)) =x7, y(T) =
yr, o (T') =07 > 0} while minimizing the transition time 7.
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